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I  -  'totrodtictlon 

The  zD8dn  purpose  of  these  lecbures  is  to  review  some  atomic  processes 
iiqportant  in  recombination*  Tbe'general  recombination  problem  is  extremely 
broad  and  coiiq;)lex/  end  only  a  few  highly  idealized  situations  an  considered. 
Although  the  choice  of  material  has  been  governed  by  the  recent  renewed 
Interest  in  recombination^  a  complete  review  of  the  recent  developments  is 
not  atten^ted.  The  e^i^hasis  has  been  placed  instead  on  the  quantum  and 
statistical  mechanics  of  the  fundamental  processes. 

As  in  all  non-equillbrlimi  problems,  the  temporal  behavior  of  a  re¬ 
combining  system  depends  greatly  on  the  initial  state  and  on  the  nature  of 
the  system  under  study.  For  simplicity,  we  discuss  recombination  in  dilute, 
monatomic  gases  which  are  not  in  any  external  fields.  Numerlced  estimates 
are,  in  fact,  confined  to  bydrogenlc  plasma  which,  of  course,  has  astro- 
physical  interest.  3y  mahing  such  drastic  limitations  at  the  very  start, 
we  obtain  a  problem  which  almost  is  amenable  to  theoretical  treatment. 

The  processes  which  occur  in  such  a  plaisma  gas  can  be  divided  into 
two  classes,  according  to  whether  or  not  they  involve  a  single,  hydro- 
genic  system  undergoing  a  one-photon  transition.  The  processes  in  the 
simple  (purely  hj'drogenlc)  class  are: 

(a)  Bound- Bound  Transitions:  Spontaneous  emission 

Induced  emission  and  absorption 

(b)  Bound-Free  Transitions:  Fbotoionlzatlon 

Radiative  Recombination 

(c )  Free-Free  Transitions 

Of  course,  the  ion  density  must  be  low  enough  to  consider  these  processes 
as  occurlng  for  a  single  electron  in  the  Coulomb  field  of  a  free  proton. 

Since  we  are  mainly  interested  in  recombination,  we  shall  not  discuss  the 
free-free  transitions  at  all.  In  addition,  we  assume  that  the  plasma  is 
transparent  to  all  radiation  (and  that  the  radiation  is  so  weak  that  in¬ 
duced  emission  is  unimportent).  This  means  that  the  only  radiative  transi¬ 
tions  considered  are: 

Radiative  Recombination:  e  +  ?-♦  ^  +  to 

Spontaneous  Emission:  ^  *“im' 

where  the  subscript  n  means  the  n^“  bound  state. 

The  most  Important  processes  in  the  second  (non-simple)  class  Involve 
interactions  between  two  or  more  particles.  Ihere  axe,  of  course,  the  very 
frequent  Coulomb  collisions  between  pairs  of  charged  particles.  (Me  shall 
not  discuss  these  at  all,  but  recognize  that  they  are  responsible  for  the 
establishment  of  equilibrium  velocity  distributions  for  the  free  particles . ) 
'Hw  most  iiiq;>ortant  recombination  process  in  this  class  Involves  the  collision 
of  two  electrons  in  the  field  of  a  protcn,  leading  to  a  final  state  in  which 
a  bound  hydrogen  atom  is  produced  and  a  free  electron.  Taking  into  account 
the  inverse  process  inelastic  scattering,  the  three-body  processes  to 
be  considered  are  three-body  recombination 
and  its  Inverse,  electron  ionization 
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Inelaatle  and  superelastic  scattering}  ®  ^  ^  +  ®' 

Ve,  tbereforej  intend  to  review  the  role  of  six  processes  In  re- 
canblnatlon:  radiative  reconblnatlon,  spontaneous  emission^  three-body 
reccnblnatlony  and  e-H  collisions  leading  to  Ionization  and  other  bound 
states.  Work  on  these  pz'oblens  started  about  1920|  and  they  have  recently 
attracted  much  new  Interest.  early  work  emphasized  the  use  of  de¬ 
tailed  balance  arguments  to  relate  processes  acd  their  Inverses,  and 
classical  theories  of  radiative  and  collision  processes.  This  situation 
has  hardly  changed  with  respect  to  the  microscopic  processes  since  the 
quantum  expressions  for  radiative  transitions  bring  very  small  corrections, 
emd  because  no  reliable  quantum  theoty  for  the  collision  processes  exists. 
A  short  list  of  the  most  important  references  organized  according  to  sub¬ 
ject  matter  is  given  at  the  ezkl  of  these  notes.  References  to  these 
articles  will  be  made  In  the  notes  with  a  squai'e  bracket  notation;  e.g., 
[Al]  means  the  standard  reference  book  by  tjassey  and  Burhop. 


These  notes  were  the  basis  for  a  series  of  four  lectures  given  In  the 
Atomic  Physics  Seminar  at  Berkeley  during  the  fall  semster  of  1962.  They 
contain  essentially  no  original  material  and  are  Intended  to  serve  the 
beginning  student  of  recombination  problems.  The  materiel.  Is  divided  Into 
roughly  three  parts,  deeLLing  with  radiative  recombination,  three-body  re¬ 
combination,  and  a  short  description  of  the  physlcel.  processes  in  a 
moderately  dense  plasma.  Most  empheisls  has  been  placed  on  Section  III  on 
three -body  recombination. 


-3- 


II  -  Fhotoionizatlon  and  RecozDblnatj.on 
A.  Fhotoionizatlon  Cross  Section 


We  begin  with  the  absorption  cross  section  for  hydrogenic  atoms 


using  familiar  notation  except  perhaps  for  the  Gaunt  factor^  The 

ejected  electron  energy  is 
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where  R  is  the  ionization  energy  for  H  in  its  ground  state.  The  above 
expression  with  unit  Gaunt  factor  was  derived  classically  by  Kramers  in 
1923  [Bl],  i.e.,  before  quantum  mechanics.  The  wave  mechanical  calcula¬ 
tion  of  Gaunt  tB2]  simply  led  to  the  extra  factor,  g  (u),  which  tends  to 
one  for  large  n  and  small  i.e.,  in  the  classical  limit.  For  example, 
not  more  than  a  20^  error  is  incurred  (for  the  average  appearing  here) 
for  u  <  although  the  deviation  for  particular  subshells  can  be  larger. 
If  necessary,  an  asymptotic  series  or  extensive  tabulations  may  be  used 
to  isqprove  on  the  simple  Kramers  fonnula  (Burgess,  Menzel  and  Bekeris 
[A4^and  Karzus  and  Latter.  See  [A3]  for  references  to  this  work.) 

At  threshold,  the  cross  section  for  photoionization  of  H  in  its 
ground  state  is  simply 

0,  (1;R)  »  a  jt  a  ^  ■  8  X  10*^^  cm^  • 

3^3  ° 

2 

This  value  is  larger  by  10  than  the  obvious  order  of  magnitude^  a  n  , 
because  of  the  various  numerical  factors. 
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For  hydrogen/  the  photolonlzatlon  cross  section  iS/  at 
least  In  principle/  known  exactly  in  terns  of  the  hypergecnetrlc 
wave  functions.  For  heavier  atcos  and  lons/  except  perhaps  for 
He/  the  situation  is  not  anywhere  as  good.  This  Is  particularly 
true  for  the  energies  involved  In  most  reconbinatlon  problems/ 
l.e./  energies  rather  small  than  a  Rydberg/  where  good  atcmlc 
wave  functions  for  both  InltlsLl  and  final  states  are  Important. 

The  situation  has  been  so  poor  that  systematic  studies  of  the 
photolonlzatlon  cross  section  In  the  HSrtree  approximation  have 
only  recently  been  published  (for  rare  gas  atcmS/  see  J.  W.  Cooper/ 
Fhys.  Rev.  126/  68l).  Also/  the  first  work  on  correlation  effects 
In  the  atcmlc  photoeffect  has  Just  been  finished  by  Dr.  Ihilllp 
Altlck  aud  the  writer  (to  be  published).  The  usual  practice 
in  the  past  has/  of  course/  been  to  make  some  kind  of  hydrogenlc 
approximation. 

If  we  have  a  density  of  atcmS/  n^/  in  the  r*^  level  and  a 
directed  photon  beam  with  an  energy  density/  l(hcD)d(hco}  in  the 
interval/  d(h(fi)/  then  the  rate  of  decrease  in  n^  due  to 
photolonlzatlon  is 
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photoion 


This  defines  a  photoionization  tlsie, 


T 

r 


Tr  “  J  d(tt»))  ^  1(a))  , 

which  will  appear  In  rate  eq:uatlon8  or  will  be  useful  In  making  rough 
estimates.  In  many  problems,  the  radiation  can  be  represented  by  a 
Planck  distribution  with  an  effective  temperature,  T^,  and  a  reduction 
factor,  X,  (arising  from  absorption) 

I  -  . 


where 


Furthermore^  the  radiation  density  may  be  very  weak  In  the  spectral  region 

of  Interest^  i.  e.,  I  »  kT 

r  0 

-  fito/kT 

f  »  e  °  «  1  . 

These  assumptions  lead  to  a  photoionization  frequency 


where  we  should  really  put  In  the  asymptotic  value  of  the  exponential 
Integral:  Ej^(a)  -»  .  Ihus  we  obtain  a  useful  approximate 

formula 
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Because  the  photolonlzatiac  time  la  considerably  longer 

than  typical  fast  radiative  lifetimes  of  the  order  of  10~^  sec. 


B.  Radiative  Recombination  Cross  Section 

Radiative  recombination  of  an  electron  and  a  proton^  for  example^ 
Is  Just  the  Inverse  of  the  photolonlzatlon  of  the  hydrogen  atom.  If 
ve  know  the  cross  section  for  one  process,  ve  can  obtain  the  Inverse 
by  detailed  balancing,  as  vas  first  done  by  Milne  In  1924. 

The  photolonlzatlon  cross  section  discussed  above  refers  to  the 
total  number  of  electrons  vlth  energy 


E(k)  -  Ij.  -  ftn  , 


(integrated  over  their  directions)  ejected  by  tmpolarlzed  photons  of 
energy,  Ito,  Incident  on  unpolarlzsd  H  atcans  in  the  r^^  level,  all  per 
imlt  photon  flux  and  for  one  atom.  In  first  order  perturbation  theory, 
the  cross  section  is 


'ion 


(«a>) 


Kz 

r  "tm 


®  (2«)3dE  ^ 


m  addition  to  the  standard  Golden  Rule  formula  consisting  of  ^  x 
square  of  matrix  element  x  density  of  states,  this  expression  has  been 
divided  by  the  photon  current,  and  averaged  over  photon  and  atom 
polarizations . 

We  think  of  the  inverse  process  as  a  beam  of  electrons  of  energy, 
E(k)  interacting  with  a  (stationary)  gas  of  protons  leaving  H  atoms 
in  the  r*^  level  with  the  emission  of  photons  with  energy 


hoo  *  I  +  E(k)  . 
r 

Once  again  the  total  cross  section  Is  calculated.  In  that  a  sum  Is 
carried  out  over  photon  directions  and  polarizations  and  over  the  sub¬ 
states  of  the  atomic  level.  The  first-order  perturbation  theory 
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ejqpressloB  is  now 


2it 


®rec  ^  Knen  $|H'|k)l 


2  Ixic^dicV 

(2«)^d(lia>)  ^ 


TaMng  adveutage  of  the  Hemltian  nature  of  HS  ve  form  the  ratio 
of  the  crosa  sections 


(') 


2  dK  1 

sTssy  V 

J-dT  l  /  I 


dE  c 


(i?) 


Now  dE/d(ha>)  *  1  and  —  kdk  «  chda,  so  that 

(m 


'rec  2  K 


=  ^  2 


$X=) 


or  (Milne's  fQnnula)tB2] 


^  -  2r2  4  “ 

ion  k  me  £(k) 


Before  taking  advantage  of  this  result  of  "detailed  balancing/ ” 
we  should  Ijnnediately  note  two  of  its  obvious  consequences.  First  of 
all,  the  recombination  cross  section  becomes  very  large  as  the  electron 
energy  approaches  zero.  (Of  course,  this  means  the  emitted  photon's 
energy  approaches  the  ionization  potential,  in  this  limit. } 


^Thls  elementairy  derivation  is  somewhat  redundant  in  that  an  improved 
and  more  general  dlactuBsion  of  detailed  balancing  for  two-body 
reactions  is  given  in  Section  III-A. 
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Slnee  9^^  Is  finite  at  thi'eshold,  the  xeeonibinatiOD  cross  section 
has  the  Uniting  form 

8 

B  «  (nc^)  E 

On  the  other  hand«  one  must  be  very  close  to  zero  energy  since  the  ratio 

2 

involves  the  rest  energy,  me  ,  in  the  denominator.  In  particular,  the 

energy  must  be  less  than  (l ^/nc  )  before  9^^  becomes  larger  than 

9.  .  For  Z  =  1  and  r  ■  1,  this  means  an  energy  of  less  than  4  x  lO’  eV. 
ion 

More  typically,  ve  might  qviote  the  recombination  cross  sections  to  the 

-2 

ground  state  of  the  H-atom  at  2  x  10  eV  and  1  eV: 

9^^^  (1,  2  X  lo"^  eV)  -  4  X  10“^°  cm^ 

9^^^  (1,  1  eV)  »  2  X  10”^^  cm^  . 

The  actual  recombination  cross  section,  obtained  from  the  previous 
ionization  cross  section  with  the  detailed  balance  result^  is 

(2,E)  g^(u)  , 

where  u  ■  e/i^^  "the  bound-free  Gaunt  factor  and  the  coefficient 

is 

*  a  ^  ■  2.13  X  10”^^  cm^  ■»  2o^^\u  -  1)  . 

3  •^3 

We  note  that  the  ionization  cross  section  Is  of  the  order  n  a  X  , 

o  c 

whereas  the  recombination  cross  section  is  of  order  «  X^  r^  (X^  and  r^ 
being  the  Compton  and  classical  electron  radii). 

We  are  often  Interested  in  the  rate  at  which  electrons  recombine  to  foonn 
atoms  in  the  various  atomic  energy  levels.  Because  of  the  large  number 
of  particle-particle  collisions,  it  Is  usually  possible  to  assume  that 
the  electrons  and  Ions  are  In  thermal  eq4lllbrlum.  ttiless  the  effective 
Ion  tenperature  Is  very  much  greater  than  the  effective  electron  temp¬ 
erature,  the  relative  velocity  Is  msdnly  due  to  the  electrons  because 
of  their  smaller  mass.  Representing  the  electron  velocity  dlstrlbutioo 
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vlth  a  Maxwell  distribution  with  an  electron  tenperature,  T  •  the  number 
per  unit  volume  with  speeds  in  the  range  v  to  v  +  dv  Is 


f(v)dv  -  n^  e 


3/2  -  I  mv%T 


*  4  «  dv 


where  Is  the  electron  density.  Then  the  number  of  recombinations  per 
unit  vdlume  In  which  electrons  In  dv  recombine  with  protons  to  form  "B 
atoms”  In  the  level  r  Is 


n^  f(v)dv  V  (Z,E) 


In  tenns  of  the  energy  distribution,  g(E)dE  =  f(v)dv 


g(E)dE  ■  n  y  e 
V# 


and  the  above  recombination  cross  section,  this  rate  is  (talie  g;^(u)  =‘  1  ) 


-E/kT 

2  e  ^  VEdE 
“i  “e  .fo  \3/2 


-fz  (kT^)' 


S'  (« - 1) 


‘  m  ■  rec 


I-  (1  +  ^) 


where  »  l)  Jt  lo"‘^‘^  cm"^^.  Integrating  over  all  energies,  E,  and 

introducing  the  mean  electronic  speed 


-.^-22  _-2 


,'&T 
V  mu” 


we  obtain  the  total  radiative  recombination  rate  into  the  level,  r, 
dn 

^rec 


(^1 


We 


where  the  recombination  coefficient,  o^,  is 


V  a. 


(1) 

rec 


This  formula  gives  the  rate  of  direct  radiative  recombination  of 
electrons  axkd  protons  Into  the  r^^  level.  We  can  examine  Its  value  in 
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two  limits,  I  «  kT  and  I  »  kT  ,  using  tlie  well-known  behavior  of 

A  0  * 

the  ea^ponentlal  Integral* 

(  g-x/x 

B,(x)  -» 

In  7  «  0*$772  (Euler-Nascheronl  constant).  Thus,  If  we  consider  a 
particular  level,  r,  the  direct  recombination  varies  for  low  temperatures 
as 


X  -»  • 

X  -*  0 


kT  «  I 


va^^> 

rec 


(1)1  2r 


(^) 


Because  v  «  is  Inversely  proportional  to  the  square  root  of 

the  temperature.  This  Is  vinderstandable  from  the  1/e  threshold  behavior 
for  radiative  capture  and  the  ^  dependence  of  the  relative  velocity. 

As  an  example,  consider  recombination  to  the  ground  state  of  H  at 
1200^  for  which  the  following  numerical  estimates  hold: 


V  2  X  10^  cny'sec 

V  o5^2  (1)  ***  2  X  lO"^^  ca^sec 

A  0C 

0^  ~  6  X  lo’^^  cn/sec 

(2)  1 

In  this  limit,  we  observe  that  o'  ;■  «  - 

r©c  r 


The  dependence  of  on  r  and  can  be  understood  in  terms  of  the 
function 

XK(x) 

Oj^(x)  =  xe  , 

which  has  the  properties  In  the  interval,  0  ■*.  x  :  Q(0)  ■  0  , 

0(<»)  -  1,  0'(x)  '>0.  Thus,  for  fixed  r,  the  cross  section  Is  a  de¬ 
creasing  function  of  T^,  going  like  for  small  T  and  T^^^  log  T 

e  e  e  e  e 

for  large  T^.  For  fixed  T^,  it  decreases  with  principal  quantum  number 
varying  like  l/r  If  »  kT^.  The  latter  dependence  Is  not  particularly 
strong  so  that  the  higher  states  are  appreciably  populated  by  recombination. 
The  discrete  lines  which  result  give  use  to  the  recombination  lines  seen 
In  spectroscopic  work* 


-u. 

C«  DlseussioD  of  Radiative  ReconibluatlOQ 

We  have  discussed  In  some  detail  the  "total"  recombination  to  a 
particular  hydrogenlc  level.  We  could  go  on  aloig  these  lines  and 
discuss^  for  exsogple,  recombination  with  complex  1oq8>  how  the  recombina¬ 
tion  rate,  a  ,  Is  broken  down  Into  partial  rates 
r 


and  corrections  due  to  the  Gaunt  factor.  Very  briefly,  the  theoretical 
situation  for  complex  ions  le  very  poor  because  of  the  extreme  difficulty 
in  obtaining  good  wave  functions  for  both  initial  and  final  states.  At 
the  present  time,  one  Is  restricted  to  using  hydrogenlc  approxlmatlone 
for  recombination  to  excited  levels  and  hoping  for  measurements  of  the 
photoionization  cross  section  In  the  ground  state.  The  variation  of 
cx^  with  -t  is  quite  significant  and  for  H  depends  on  n  and  T^.  For 
large  n,  there  is  a  maximum  near 't  »  ^  n  (empirical  rule).  Finally, 
the  role  of  the  Gaunt  factor  has  been  exhaustively  studied  by  Seatmi  who 
has  been  Interested  in  obtaining  radiative  recombination  coefficients  to 
much  better  than  ZCffi  [B3  and  A3]. 

Of  somewhat  more  Interest  here  is  the  role  of  these  recombination 
coefficients  in  determining  the  distribution  of  electrons  and  atomic 
energy  levels  in  a  plasma.  As  mentioned  previously,  this  is  an  extremely 
complicated  problem  which  is  very  sensitive  to  the  particular  system 
under  consideration.  The  simplest  situation  is  a  dilute  plasma,  by  which 
we  mean  one  transparent  to  radiation.  In  other  words,  the  statistical 
distribution  of  the  radiation  field  is  excluded  from  consideration.  (One 
could  be  a  little  more  general  by  allowing  the  medium  to  absorb  one  or 
more  particular  frequencies.) 

!lhe  only  role  of  radiation  in  a  dilute  plasma  is  an  energy  loss 
mechanism.  The  radiation  will  be  of  three  kinds  according  to  the  three 
radiative  loss  processes 

/free -free  (Bremstrahlung) 

free-bound  (Recombination  Radiation) 

j  bound-bound  (Spontaiwous  Decay) 

We  shall  not  discuss  the  free-free  transitions,  which,  of  course  play  a 
role  in  determlxilng  the  electron  temperature.  In  discussing  the  rate  at 
which  the  population,  n^  of  the  r^^  level,  changes,  the  recombination 
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process  gives^  of  course^  the  direct  contrlbutla)^  ^ 

spontsoeous  decay  of  all  the  levels  is  Inportant/  too>  sloee  the  level> 
r,  vlU  he  depleted  by  traosltloios  to  lower  levels  and  populated  by 
trensltloQS  fran  higher  levels: 


% 

dF  “  °!rVe  *  ^  A(8,r)mg  -Z  A(r,g)a^  . 

Q>r 

The  total  rate  of  change  in  the  density  of  atems^  n  =  L  n^  >  sust  be  equal 
to  the  negative  of  the  rate  of  change  of  electrons^  ^ 


fffe  to  ?  ^ 

dt  *  ■  dt  "  "  r  to 

On  substituting  the  above  expressions  for  dn ^ydt^  the  terms  involving 
bound-bound  transitions  cancel  so  that 


-  a  n.n^ 
1  e 


> 


where  the  total  reconbinatlon  coefficient  Is 
^m 

a  =  Z  OL  . 
r»l  ^ 

This  quantity  la  of  interest  since  It  deteimlnes  the  decay  of  the  electric 
charge  density^  a  quantity  which  can  be  measured  experimentally.  To  obtain 
the  actual  populations,  we  must,  of  ccurse,  solve  this  infinite  set  of 
coupled  equations.  The  simplest  situation  Is  the  equilibrium  one;  every 
dn^dt  B  0.  This  Is  often  of  practical  Interest  even  If  dn^dt  0, 
since  it  may  be  smaller  than  all  the  terms  on  the  right  side  of  the  equatlor 
dhls  limit  Is  also  often  of  Interest  In  astropfayslcal  problems.  For  a 
hydrogen  plasma,  Seaton  has  obtained  the  most  accurate  solution  of  the 
equilibrium  distribution.  Rather  good  agreement  can  be  obtained  In  this 
way  with  observations  on  planetary  nebulae.  It  must  always  be  remonbered 
that  the  present  discussion  conqpletely  Ignores  particle -particle  eoUialons 
(which,  of  course,  are  Important  In  determining  temperatures)  and  also  the 
details  of  the  reccmblnation  for  dense  plasmas. 
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Finally/  ve  sunBorlze  the  properties  of  the  total  radiative  re- 
eooiblnatlon  coefficient*  Ihe  upper  Halt  to  the  sumnation  la  determined 
hy  the  particle  density/  since  arhltrarily  large  Bohr  orbits  are  readily 
destroyed  by  collisions*  Unlike  the  partition  svm/  the  series  converges/ 
so  that  for  an  Infinitely  dilute  plasma  the  recaabinatlon  coefficient  has 
a  well-defined  value*  numerical  values  as  a  function  of  temperature  are 
as  follows: 


T  (®K) 

a 

250 

4*84  X  10‘ 

500 

3*12 

1,000 

1.99 

2,000 

1.26 

4,000 

7.85  X  10‘ 

8,000 

4.83 

16,000 

2.93 

32,000 

1*73 

64,000 

1.00 

cm 


^/sec 


—0  7 

Ibe  teiqperature  variation  Is  roughly  as  T  * If  we  compare 
0^  «=  5  X  lo”^^  cm^/sec  at  1000°K  with  the  total/  a  ^  2  x  lO”^^/  we 
see  that  ^  ^  0(.;l*e*/  recombination  to  higher  states  and  their  radiative 
decay  to  lover  ones  Is  important  In  obtaining  the  correct  value  of  the 
total  a. 

Seaton  has  also  studied  the  rate  at  which  electron  kinetic  energy  is 
lost  by  recombination  In  terms  of  the  coefficients/  ^^/ 


dU^ 

dt 


-  Ve 


He  finds  that  the  total  rate/  ^ 


r  y 


Is  roughly  ^  * 
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Ill  -  The  Microscopic  Ihiee-Eocty  necoB  blnation  Iroeass 

Uilllse  the  sltxiatlon  for  radiative  recomhlnatlOD,  the  microscopic 
theory  for  three-body  recombinatloD  aod  its  inverse^  lODlsatloii  by 
electron  bcobardment^  Is  not  well  understood^  For  this  reason^  we  begin 
the  discussion  with  what  is  completely  general  and  exact,  the  application 
of  detailed  balance  and  microscopic  reversibility  to  these  processes* 

Once  more,  the  scant  experimental  and  theoretical  Information  Is  on  the 
Ionization  cross  section,  not  the  recombination  process  of  direct  Interest 
here.  At  the  seme  time,  we  will  briefly  discuss  the  inverse  processes 
of  InelMtic  and  superelastic  colllslcns,  the  so-called  collisions  of 
the  first  or  second  ]dlnd,  which  are  closely  related  to  and  essential  for 
studying  recombination. 

A.  Microscopic  Reversibility  and  Detailed  Balance  for  Hielastlc  and 
Superelastic  CoUlslone 

In  1921,  Klein  and  Rosseland  first  deduced  the  existence  of  super- 
elastic  collisions.  In  which  an  electron  gains  energy  by  collision  with 
an  excited  atom,  from  the  Principle  of  Detailed  Balancing  [Cl].  They 
argued  that  an  Ionized  gas  could  only  be  in  equilibrium  if  the  rate  at 
which  atoms  were  excited  by  electron  collisions  from  state  n  to  n  to  n' 

e  +  ^  _  e‘  + 

was  equal  to  the  rate  at  which  they  were  de-excited  by  the  Inverse  process 
e*  +  ^,  -♦  e  +  H  . 

A  few  years  later,  Kramers  and  Milne  applied  a  similar  argument  to  the 
photodlslntegratlon  and  radiative  capture  problem,  as  we  have  already 
discussed  In  detail.  Ihese  kinds  of  arguments  go  back  to  Einstein's 
famous  discussion  of  the  equilibrium  between  the  radiation  field  and  a 
system  of  bound  atoms,  which  led  him  to  discover  induced  emission  and  to 
introduce  the  A  and  B  coefficients.  Ihe  Kramers-Milne  discussion  may, 
in  fact,  be  considered  as  an  extension  of  Einstein's  work  to  radiation 
equilibrium  with  material  systems  \dileh  are  ionized. 

vfe  shall  now  re-derlve  the  Kleii-Rosselaad  result  from  the  more 
general  Principle  of  Microscopic  Reversibility,  m  other  words,  we 
will  obtain  our  detailed  balancing  from  the  Invariance  principles  of 
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the  quantum  mechanical  equations  of  motion.  Before  the  advent  of  the 
quantum  theory^  the  principle  of  detailed,  balancing  vas  derived  ae  the 
sufficient^  but  not  necessary,  ccndltlvsn  for  the  preser^tloo  of  thermal 
equlllbi.'lum,  a?  ve  diacuss  in  some  detad.!  below. 

We  consider  first  the  general  reaction  In  which  two  systems  In  levels 
1  and  2  approach  with  relative  velocity,  v,  and  recede  In  levels  1'  and  2* 
with  relative  velocity,  v',  viewed  from  the  center-of-mass  system.  For 
each  system,  there  are  g  states  a  with  the  same  energy  (e.g.,  states 
0^  and  g^  states  for  the  Initial  state).  We  assume  that  the  es^rl- 
mental  preparation  and  detection  does  not  distinguish  axiy  of  these  states. 
The  total  cross  sections  for  the  process  1  +  2  -»!'  +  2*  and  Its  Inverse 
1'  +2*  -*1  +  2  are 


o(l+2  -»l*+2') 


cr(l'+2'  -*1+2) 


Z  Z  |s 

8i«2  O^.Q^. 


(1'2‘|a|12)| 


2 


k'^dk»V 

(2it)^dE' 


1 

®1‘®2« 


z 


(12|a|1'2') 


(2jt)^dE 


The  quantities  (1'2'|a|12)  and  (12|a|1'2')  are  the  exact  ec^lltudes  for 
the  process,  and  the  last  factors  are  the  appropriate  density  of  states 
divided  by  the  incident  current  for  box  normalization  of  the  relative 
motion.  ^  general,  we  cannot  say  that  the  two  amplitudes  are  equal, 
but  only  that  time-reversed  amplitudes  are  the  same.  NOw  time  reversed, 
involves  revising  spins  and  momenta  but,  using  rotation  and  parity  in¬ 
variance,  we  can  show  that  the  average  amplitudes  are  the  same,  l.e.. 


therefore 

a(l+2  -^l'+2«)  ^  ^»^2»  /  vA  y  / 

o(l'+2'  -♦  1+2)  ®1®2  ^  ^  ^  J 


Recognizing  that  (l/v)(d£/dk)  >  1  for  both  paxtlcles  and  radiation,  we 
arrive  at  the  result  of  detailed  balancing 
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gj^ggk^ad+S  ^l'+2')  -  g^.gg.k'^od'+S'  -1+2)  . 

Me  have  already  used  this  result  for  photolonlzation  aad  radiative 
reccublnatlon  (photon  energy  d(k)  •  chh  and  electron  energy 
E(k')  «  in  Section  II-A<  For  inelastic  and  superelastlc 

electron  scattering  from  hydrogenlc  levels:  >  2  »  > 

gg  -  2n^  gg'  »  2n'^;  E(k)  »  iiV/2m,  E(k' )  -  and  thus 

the  Klein-Rosselaad  result  is  obtained. 

n^Ea(nE  —  n'E')  =  n'^E'  a  (n'E'  —  xiE)  . 


Itext,  let  us  consider  the  rate  at  which  either  one  of  the  levels  is 
changed  by  the  two  inverse  processes. 

00 

-  !  dEg(E)n  \1^  o(rE  —  r'E*) 

^rr» 

00 

+  J  dE'g(E' )n^ 'jp'o(r'E*  -rE)  . 

0 

Here  g(E)dE  is  the  electron  density  in  the  energy  interval  dE>  which 
we  assume  to  be  given  by  the  equilibrium  Maxwell  distribution 

_  2  .-E/kT  "h  dE 

g(E)dE  ■  n  e  '  - to  . 

®  Vs  (kT)^'^ 


/  dn  \  /  dn  \ 

("■I. 


The  quantity  Is  the  difference  in  ionization  potentialsi  which 
which  arises  in  the  equation  expressing  energy  conservation 


or 


S 


E*  +  I 


rr’ 


rr’ 


V 


Introducing  this  equilibrium  distribution  gives  the  rate 
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« 

"w^dE'e”®  E*a(r'E'  -♦rE)ny,  T 

O  ^ 


Xhcorporatiag  the  result  of  detailed  balancing^  and  changing  the  variable 
of  integration  in  the  first  Integrcd  to  E*  leads  to 


E’o(r'E'  -*rE) 


Ihe  necessary  and  sufficient  condition  for  this  rate  to  vanish  is 


^  'r.AT 
r'  e 

“TV'S- 

r  e 


-E  .At 

«r«  * 

-EtAt  * 

8,  « 


l.e.>  the  equilibrium  Maacwell-Boltamann  distribution.  Ihe  Kleln>Rosseland 
method  proceeds  the  other  way  round;  l.e.^  starts  with  atoaiB  and  electrons 
in  Maxwell-Boltanann  distributions  with  the  same  tei^perature,  and  obtains 
the  detailed  balance  relation  between  cross  sections  by  requiring  preserva¬ 
tion  of  this  equilibrium.  Ihls  method  is  typical  of  the  way  detailed 
balancing  was  invoked  before  quantum  mechanics.  It  should  be  mentioned 
that,  if  more  than  two  levels  are  considered,  this  method  leads  to  a 
somewhat  weaker  result  than  the  general  one. 


B<  Detailed  Balancing  and  13u*ee-£ody  Reccublnatlon 


We  ncfw  extend  these  Ideas  to  the  Inverse  processes  of  three-body 
recombination  and  electron  disintegration  of  atoms.  Ae^n  ve  start  with 
the  quantvm  mechanical  microscopic  reversibility  and  achieve  a  result 
obtained  by  R.  H.  Fowler  In  19^^  ^  the  sufficient  condition  for  main¬ 
taining  the  thermal  equilibrium  of  an  ionized  gas  [Cl]. 

For  single  Ionization  processes^  we  have  an  unpolarlzed  electron 


beam  with  momentum  k  incident  on  atoms  in  the  r 
0 


th 


level  with  statistical 


weight  g^  producing  electrons  with  momenta  and  k2  and  an  Ion  in  the 
8*^  level  with  statistical  weight  g„.  The  cross  section  for  producing 
an  electron  In  the  solid  angle  d(k^)  and  another  In  the  momentum  space 
element  d(^)  is 

®ion  (V  d  (£3^)  d  (g’g) 


(2n)'^dE(k3^)  (2n)^  o 


Ihe  energy  of  the  electron  with  momentum  k^^  Is,  of  course,  determined  by 
energy  conservation 


E(ko) 


Z\)  *  E(kj)  -  Ij 


We  Ignore  spin  completely  and  average  and  stim  over  the  states 

2  2 

of  the  atomic  and  ionic  levels,  respectively.  Noting  that  dE/d(k  )  «  h  /2m, 
this  reduces  to 


The  total  cross  section  for  Ionization  by  a  beam  of  electrons  with 
energy  and  the  production  of  one  electron  with  energy  and 
another  In  the  energy  I'ange  dBg  is 
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-ion^V 


dEg 


|(i^?2PjA|S;Q^)|2dJS2 


Next  ve  t\irn  to  the  three*body  recanbination  process.  Because  the 
initial  state  involves  three  bodies^  the  concept  of  a  collision  cross- 
section  area  Is  not  applicable^  and  ve  will  be  content  with  the  total 
transition  rate. 


’'3-re«(%V  -V)  ■/ El  !  tH 


’’  “r 


,  l£„^dk  V 
1 3  o  o 


(2n)3dE(k^) 


Li  addltlou  to  averaging  over  Initial  Ionic  states  ^  and  stmmlcg  over 

s 

final  atomic  states  a^,  we  have  averaged  over  all  initial  electron 
directions  and  integrated  over  all  final  electron  directions.  Since  the 
electrons  are  normeiLized  to  unity  (in  a  box)^  this  is  the  transition 
probability  per  unit  tiioe  that  two  electrons  with  energies  and  Eg 
and  an  ion  in  level  s  will  become  an  atom  in  level  r  and  a  free  eloctron 
with  energy  E^.  We  might  simplify  this  expression  somewhat,  taldLng 
advantage  of  the  fact  that,  after  integrating  over  kg,  the 
expression  is  Independent  of  1 


''3-r.«<’iV  -  V) 


2m  \  ^0 


4(2«)- 

x/d(^2)  fdCk^)  i-L  E 


The  average  matrix  elements  which  appear  in  and  ''^3-rec 

equal  even  though  the  original  ai^plitudes  ere  not  (since  they  refer 
to  Inverse  rather  than  tine-reversed  states).  Thus  the  two  results 
can  he  combined  to  give 
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Sj.®(E2,E^)(E(i  (19)  of  hlc  1934  erfcicle) 

o(E^r  -♦Ej^EgS)  *  Sy  * 

(Our  use  of  the  energy  Ej^  l8>  of  course^  redundcuit  since  it  Is  determined 
by  energy  conservation. )  Ifext  Fowler  writes  the  above  recombination  rate 
as  [his  Eq(22)] 

!  2a,  riiT- 

"sjTT  • 

We  see  that  he  introduces  velocity  factors  in  analogy  to  t\70-body 
processes  where  a  cross  section  would  he  appropriate.  (The  entity  S  ^ 
has  the  dimensions  L  T. )  In  emy  case^  we  can  make  the  Identification 

•  ;^"3-r.c(W 

We  can  finally  substitute  these  new  quantities  (Fowler’s)  into  our 
detailed-balancixig  result  to  obtain 

g^ko^  s/(E2,E^)  =  ggkj^kg  v^Vg  Gi)--  fi  s/CE^Eg) 

2(2it)^ 

2 

Multiplying  through  by  fi  /2ia  and  remembering  that  vp  =  2E^  this  becomes 
£L E  S  ®(E„,E^)  =  g  E,E5,s/(E.E„)  \  ] 

-^or  2o  8l2s'12L  2(2K)2fi3  J 


Simplifying  the  arithmetical  bracket  and  utilizing  energy  conservation 
in  the  forme 

®o  -  ^r  =  ®1  +  ®2  +  ^s  ' 
or 

®o  *  ♦  4  <4  -  -  '.>  ’ 

we  finally  achieve  Fowler's  result  [his  Eq.  (C)] 

gyEoS^®(Eg,Ei  +  Eg  +  dg)  -  SaEj^®2V^V®2^  (  ^  ) 


22 


With  the  connection  between  the  Ionization  cross  section^ 

a  .  (rE  -»  8E,E,,)(iE„  and  the  reconiblnatlon  rate,  our  analysie  of 
e-ion  o  ICC 

detailed  balancing  is  essentially  complete.  Before  deducing  the 
recombination  rate  fx'om  our  rather  limited  knowledge  of  ionization 
cross  sections)  we  note  that  the  general  form  of  the  energy  dependence 
of  the  recombination  rate  Is 


S.rec^W  V) 


E. 


-lon^V 


►E. 


l^EgS) 


Let  us  now  consider  the  limit)  E^jEg  -»  0  >  which,  for  the  Inverse 
process,  corresponds  to  approaching  the  threshold,  since 
E  >  (E,  -I-  E„)  +  C  •  One  can  show  that  this  particular  ionization 

O  X  2  O 

cross  section  remains  finite  at  threshold  but  that  the  integrated 
ionization  cross  section  vanishes.  We,  therefore,  have 


W 


3-rec 


V> 


Constant 

OC  —  ' 


One  last  genered  result  is  the  recording  of  the  rates  of  change  of 

th  til 

population  of  the  r^“  atomic  level  by  recombination  from  the  s^“  ionic 

level  and  by  the  inverse  ionization  process.  Integrating  our  previous 

rate  over  all  electron  energies  gives 


where,  of  course,  E  =  E,  +  E„  +  C.  ®  I-  ■  I-)*  'to 

ol2o  orB 

Ionization  is 


®0  ■  ®2  ■  ^o' 


If  the  electrons  have  a  Maxvellian  distrihutlony  these  rates  heccme 
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SjtSj 


—  n  ^  5 /dB,  fdJS-  B  e  *  o  '  -  (B  r -•  B,E-b) 

V  4rBC  „75J?  ®.  '  “  ^kT)3  2  2  »  0  ^  2  ' 


o  o 


(  !r  )  ■  ■, - V  VrAA  V  '  “.-lon'V  -  W) 

e-ion  \mjt(kT)'^  o  C+E« 


where  a  factor  of  \/*6  has  heen  Inserted  in  the  first  expression  to  take 
into  account  the  Identity  of  the  electrons.  If  we  fuither  assume  the 
existence  of  complete  therxned  equillhrium  for  the  atoms  and  ions  as  well 
as  electrons^  and  consider  these  processes  as  the  only  ones  occurring^ 
then  we  can  investigate  the  result  of  setting 


0  (for  equilibrium) 


Replacing  the  variable  by  in  the  second  term  (see  Integration  region) 
we  obtain  the  condition 


Setting  the  face  bracket  to  zero  and  introducing  tlje  thermal  deBroglle 
wave  length 


X. 


h^ 

fiScf 


9 


we  obted.n  the  so-ceiLled  Saha  relation  between  the  populations  of  the 
atomic  and  ionic  levels  and  the  electron  density 


1  fs 

j?  ®r 


In  general,  this  equation  follows  directly  fTon  the  application  of  the 

3 

Boltzmann  distribution  to  an  Ideal  ionized  gas,  the  factor  X  arising,  of 
coinrse,  from  the  continuum  nature  of  the  electron  states,  in  terms  of 
total  numbers,  the  Saha  equation  Is 


1^ 


Fowler's  detailed  bala^iciug  result  discussed  above  followed^  of  course^ 
from  this  relation  as  the  starting  point* 
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C«  Tboaison's  Theory  of  Ionisation  and  Three-Body  Recombination 

In  1912^  Thomson  fomulated  a  elaselcal  theory  for  the  ionisation  of 
an  atom  by  an  Incident  charged  particle.  In  modem  tenas*  his  theory  was 
the  first  "knock-out"  or  "direct-interaction"  model  for  particle  disinte¬ 
gration  processes.  According  to  Thomson,  the  incident  particle  makes  a 
Coulomb  collision  with  a  target  electron.  If  the  energy  transferred  to 
the  struck  electron  is  greater  than  its  binding  energy,  then  the  atom  is 
ionized;  otherwise,  it  is  simply  excited. 

Ve  can  easily  obtain  Thomson's  result,  which  is  valid  if  the  incident 
velocity  is  much  greater  than  the  velocities  of  the  target  electrons;  in 
other  words,  if  the  tai-get  electrons  can  be  considered  ew  stationary.  We 
need  to  recall  only  two  simple  facte  from  scattering  theory.  First  of  all, 
if  we  ere  dealing  with  two  particles  of  equal  mass,  then  tte  energy  Q 
transferred  to  the  stmck  particle  is 

Q  =  T  sln^  I  , 


when  $  is  the  center  of  scattering  angle  and  T  is  the  incident  kinetic 
energy  (Q  and  T  are  laboratory-system  energies).  Second;  the  center  of 
mass  scatterir-g  angle  for  the  classical  Coulosrh  scattering  of  two  electrons 
is  deter*aincd  by  tne  relation 


cot 


8 

d 


d  -  ^ 


2  6 


Using  the  fact  that  em  ^ 


[1  +  cot^  |] 


,  the  energy  loss  or  trans¬ 
ferred  energy  can  then  be  written  as  a  function  of  T  and  s: 


Q(8,T)  =  T 


1  +  (s/d)^ 


or 


(T(T,Q)dq  -  «d^  ^ 

Q 


This  is  the  basic  formula  in  Thomson's  classical  theory  of  energy  loss— 
with  particular  reference  to  ionization — or  in  slightly  different  form 

o(T,Q)dQ  -  . 
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We  ehcdl  adapt  this  formula  to  the  particular  case  of  the  target 
being  In  the  r  level  of  the  H-atan«  Energy  conservation  In  our 
prevloua  notation  Is 

®o  ■  ^r  “  ®1  ®2  ^ 

where  T  «  E  and 
o 

Q  = 

BO  that  dQ  «  dEg.  Thus,  the  cross  section  previously  Introduced  is 

Vlon^V  -^®1®2^^2  '  r  (CV I IZ  ^2 

o  c  r 


Measuring  energies  in  terms  of  the  ionization  potential  and  lengths  in 
terms  of  the  first  Bohr  radius,  we  find  that 


“eWV-W’  ■ 


4ita. 


or 


=.ioo(v-vz)  - 


Although  this  is  the  cross  section  we  need,  one  often  encounters  the 
total  ionization  cross  section 

‘'lon<V^  “  j  ‘^e^V  “  J  <^2  ®e-ion<V 


4>i 


^  f 


du 


o'  u 


(u  +  ir 


®lon^VJ  “  ^  (  1  -  ^ ) 
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For  very  high  incident  energies  (u^  »  l)>  where  one  might  expect  these 
formulae  to  be  most  appropriate^  it  becomes 


a.  (E  r) 
ion'  0  ' 


1/2  \2  1 

—  r 

\  »  h 


2  1 

^  * 


We  observe  that  it  differs  from  the  geometric  area  of  the  classical  Bohr 
1  !L  R 

orbit  by  the  factor  —  “  -5  (s?-)*  3!he  threshold  behavior  Is 


®lon 


- >  4n(r^a 


1)  . 


which  Is  apparently  in  conformity  with  the  quantiun  mechanical  prediction 
regarding  the  dependence  on  energys  Likevisey  the  cross  section  of 
interest  in  recombination  seems  to  have  the  right  threshold  behavior 
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On  the  other  hand,  the  classical  theory  disagrees  with  experiments  near 
threshold  by  being  at  least  a  factor  of  four  too  large,  and  at  very  high 
energies  where  quantum  mechanical  calculations  imply  an  log  E^ 
energy  dependence • 

All  of  these  formulae  are  based  on  assuming  the  target  electron's 
velocity  to  be  small  compared  with  the  incident  velocity.  Qhe  effect  of 
the  target  electron's  velocity  was  studied  by  L.  H>  Thomas  [D2],  who 
obtained  the  result 

r  1 

‘^Thomas  “  '^Thomson  ^  3  Ug  +  1 

More  recent  studies  of  classlced.  scattering  theory  by  Gryzlnskl  (D3,^] 

Include  additional  corrections.  These  are  based  on  an  approximation 

which,  though  certainly  valid  for  high  incident  energy,  breaks  down  as 

E^  -» Ej^.  For  purposes  of  simplicity,  we  will  usually  not  include  these 

corrections  In  the  following  discussion  and  use  the  simple  ThomsoD 

formula.  this  connection.  It  may  be  noted  that  the  !Ihomson  formula 

does.  In  fact,  f dlow/tbe  Bom  approximation  In  the  limit  E  »  Q  »  1  . 

from  ®  ^ 
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Tbe  form  of  the  Thomaa  correction  also  follows  fron  the  plaae-wave 
Born  approacimatlon;  but  not  the  numerical  factor  U/3« 

Let  us  now  examine  the  Ionization  and  recombination  rates  of  change  of 
the  population  of  the  r^^  hydrogenlc^ using  Just  the  Thomson  cross  section 
and  assuming  thermal  equilibrium  for  the  electron  distribution*  Combining 
the  results  of  the  previous  section  with  this  one  leads  to  the  fomulae 
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where 
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-t 


dt  ——  and  0„(x)  -  x  e  B„(x)  . 

t°  “  ^ 


The  function  0^(x)  has  the  special  properties  Go(0)  ■  0,  ■  1,  and 

G^(x)  >  0*  In  cocqplete  thermal  equilibriuini  these  rates  are  equal  In 
conformity  with  the  Saha  relation*  These  equations  have  been  written  in 
such  a  way  that  the  dimensions  can  be  easily  checked,  of  course  recalling 
In  this  conxiectlon  that  X  is  the  thermal  deBroglie  wave  length  and  that 

Vh  and  kT/h  have  the  dimensions  of  one  over  time*  We  have  also  preserved 
the  characteristic  classical  area  (r  a^)  associated  with  level  r*  If  we 
use  the  Thomas  correction,  then  we  have  •‘.c  moke  the  replacements 

EgCx)  -♦  EgCx)  +  I  X  E^Cx) 
and 

GgCx)  -♦  G2(x)  +  I  G^Cx)  * 


By  analogy  with  the  radiative  reccmblnatlon,  we  can  define  a  three-body 

recombination  coefficient  3  such  that 

r 


Wi 


sec 


where  3  must,  of  course,  be  proportional  to  the  electron  density 
r 
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For  any  given  level,  ve  can  define  high  end  low  temperature  limits,  and 
use  the  special  forms  of  Gg  in  these  limits  to  obtain 


In  the  low  temperature  limit,  «  1/t,  whereas  in  the  high-temperature 
limit,  it  varies  as  l/T^.  The  low-temperature  limit  has  the  numerical 
form 


e 


where  T*  is  the  temperature  in  electron  volts.  If  we  Include  the  Thomas 
factor  in  the  Ionisation  cross  section,  this  gives  a  correction  factor 


which,  for  X  -* «  ,  obviously  approaches  1  +  4/3  +  0(l/x)  and,  therefore, 
gives  a  large  correction  and,  for  x  -»  0,  approaches  unity.  Neither  of 
these  modifications  changes  the  quoted  asymptotic  temperature  dependence, 
although  the  detailed  form  of  the  cross  section  at  low  energies  is 
obviously  important. 

The  above  reccmblnatlon  and  Ionization  rates  were  first  explicitly 
written  and  applied  by  Qiovanelll  in  1948  [C3l  using,  of  course,  Thomson's 
original  results.  In  order  to  make  some  Improvement  in  the  Thomson  cross 
section,  Giovanelll  multiplied  it  by  a  factor  of  two,  which  should  be 
compared  with  the  Thomas  modification  at  low  temperat\ires  and  gives  the 
simple  factor  2^  . 

To  get  an  idea  of  the  magnitude  of  ^  ,  we  might  consider  the  ratio  of 

r 

radiative  to  three -body  recombination  coefficients  in  the  low- temperature 
limit 
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At  a  temperature  corresponding  to  T'  >1  volt;  ve  see  that  «  a  for  a 

density  of  6  x  lO"*"  /cm'^.  On  the  other  hand;  the  seventh  power  of  r  is 

very  effective;  so  that  for  high  states;  three-body  recanbination  will 

become  important  at  much  lower  densities;  lower  temperatures  also  have 

the  same;  but  not  as  strong;  effect.  For  example;  at  300°;  0,^  ■  Ql. 

g  o  ■‘•O  iO 

at  the  rather  low  density  of  l£r  /cm  •,  however;  the  higher  excited  states 
will  be  more  easily  destroyed  by  Ionization  processes;  so  that  the 
three-body  recombination  is  important  for  large;  but  not  arbitrarily  large; 
principal  quantum  numbers. 
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IV  -  Qualitative  Diacueaion  of  ColllalODel-P.adlative  ReccobinatiOD 

WO  have  so  far  given  an  introduction  to  scoe  of  the  atomic  processes 
loportaat  in  recombination;  particularly  the  radiative  end  three -body 
recombination  reactions  and  their  inverses*  To  study  the  actual  time 
development  of  the  populations;  one  must  Include  these  as  loss  azid  gain 
mechanisms --plus  others;  such  as  spontaneous  decay;  elastic  collisions; 
inelastic  and  superelastic  collisions*  As  has  been  emphasized;  our 
Infonnation  on  most  of  these  processes;  with  the  exception  of  the  radiative 
oneS;  is  quite  meager;  and  heavy  reliance  is  now  being  placed  on  classical 
collision  theory*  The  solution  of  the  rate  equations  for  any  particular 
problem  is  quite  difficult  in  that  it  essentially  Involves  an  infinite 
set  of  coupled  equations  containing  many  unknown  reaction  rates* 

As  far  as  laboratory  experiments  are  concerned;  the  first  interpreta¬ 
tions  Involved  purely  radiative  processes*  Ihifortunately;  the  measured 
decay  rates  were  consistently  larger  by  two  orders  of  magnitude  than  the 
radiative  recombination  coefficients  given  above.  It  was  (mly  two  years 
ago  that  D'Angelo  suggested  that  three -body  recombination  might  be 
responsible  for  the  discrepancy  [C41*  This  idea  had  actually  been  in 
circulation  for  some  time  and  three-body  recombination  haS;  of  course; 
been  considered  in  various  astrpphyslcal  applications*  (According  to  Dr* 

W*  Kunkel;  the  large  recombination  coefficients  found  in  early  experiments 
are  suspect  because  of  the  Important  effects  of  diffusion  to  the  walls*  } 
D'Angelo  considered  the  following  processes  to  occur:  (a)  radiative 
recombination;  (b)  three-body  recombination;  (c)  ionization  by  electron 
impact;  and  (d)  spontaneous  decay*  He  argued  that;  at  sufficiently  high 
plasma  density;  the  dominant  recombination  process  is  three-body  recombina¬ 
tion  to  states  of  "intermediate"  principal  quantum  numbers  which  then  decay 
radlatlvely*  States  with  very  high  principal  quantum  numbers  are  Innedlate 
ly  relonlzed;  l*e*;  are  in  so-called  "Saha  equilibrium";  whereas  states 
with  very  low  principal  q:uantum  numbers  are  directly  populated  via  the 
radiative  recombination  process*  Of  course;  the  meaning  of  large  and 
small  principal  quantum  numbers  depends  on  the  pressure  and  temperattire* 

For  example;  D'Angelo  found  that  the  recombination  at  T  -  3000°K  has  its 
maximum  contribution  from  r  <■  6  and  7  i&  the  density  range  from  10^  to 
lO^^cm^;  which  is  the  density  range  where  the  recombination  coefficient 
has  just  become  proportional  to  density  according  to  his  calculations* 
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It  vea  eooD  pointed  out  by  Bates,  Kingston,  and  MeVRilrter  that 
D'Angelo's  neglect  of  Inelastic  and  superelastlc  collisions  was  actually 
more  Important  tban  supposed  [Cojt  Da  particular,  coUlslonal  de^exeltatlon 
of  excited  atoms  formed  by  three-body  recombination  was  very  effective  In 
preserving  these  neutral  species •  In  fact,  the  decay  of  the  excited  states 
seems  to  be  the  controlling  process  at  Intermediate  densities,  as  has  been 
emphasized  by  Byron,  Stabler,  and  Bortz  [C7l* 

Without  going  into  details  of  the  calculations  of  Bates  aM  coworkers, 

we  can  present  the  following  simplified  picture  of  the  recombination  process 

for  hydrogenlc  plasmas  which  are  ti'snsparent  to  radiation  and  which  have 

temperatures  less  than  the  excitation  energy  of  the  first  excited  state 

of  the  hydrogen  atom:  The  levels  with  very  large  principal  quantum  numbers 

are  in  thermal  equilibrium  at  the  electron  temperature,  l.e«.  In  "Saha 

equlllbrl\an« "  IMs  equilibrium  is  achieved  by  the  very  rapid  three-body 

recombination  and  the  Inverse  ionization,  edded  In  an  essential  way  by 

elastic  collisions  aM  particularly  de-excltatlon  processes.  This  last 

mechanism  implies  that  there  are  levels  with  Intermediate  values  of  the 

principal  quantum  number  which  are  not  populated  appreciably  by  direct 

recombination,  but  by  decay  from  higher  states.  The  total  recombination 

rate  Is  then  determined  by  the  rate  at  which  the  population  of  these  near- 

equlllbrlum  states  can  decay  by  de-excltation  to  lower  states.  Bow  this 

de-excitatlon  Is  made  up  of  two  parts:  radiative  decay  which  decreases 

rapidly  with  n  and  colllslonal  decay  which  Increases  rapidly  with  n,  hence 

glvli^g  a  maximum  at  some  intermediate  value  of  r,  say  r^,  which  depends  on 

the  density.  lyron  et  al  have.  In  fact,  been  able  to  reproduce  the  work 

of  Bates  by  simply  setting  the  recombination  coefficient  equal  to  the  de- 

excltatlon  rate  of  the  level  r  ,  the  level  with  the  largest  rate.  For 

in 

r  >  r^  (roughly  speaking),  we  have  Saha  equilibrium,  which  provides  a  kind 
of  reservoir  of  recombined  excited  atoms.  The  fact  that  the  decay  of 
excited  states  plays  such  a  dominant  role  has  the  effect  of  masking  the 
importance  of  three -body  recombination.  For  example,  the  transition  region 
from  radiative  to  three -body  recombination  can  occur  over  a  very  wide  range 
of  density,  e.g.,  from  10^  to  10^*^  at  T  ■  l6, 000°  K. 

These  last  paragraphs  are  meant  only  as  a  guide  to  the  present  physical 
picture  of  the  recombination  process  In  moderately  dense  hydrogenlc  plasmas. 
The  phenomena  are  obviously  very  complex  and  are  not  only  difficult  to  treat 
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tbeoretlcally  but  are  elusive  to  quantitative  measurement*  Recent 
spectroscopic  studies  have  proved  very  valuable  [C^],  but  it  is  clear 
that  there  is  room  for  many  new  techniques  in  this  field*  The  great 
popularity  of  classlccd  collision  theory  for  treating  the  three-body 
recombination  process  and  superelastic  collisions  also  Indicates  the 
desperate  need  for  improvements  in  the  theory  of  atomic  collisions. 
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